The steady-state Poisson-Nernst-Planck (ssPNP) equations are an effective model for the description of ionic transport in ion channels. It is observed that an ion channel exhibits voltage-dependent switching between open and closed states. Different conductance states of a channel imply that the ssPNP equations probably have multiple solutions with different level of currents. We propose numerical approaches to study multiple solutions to the ssPNP equations with multiple ionic species. To find complete current-voltage (I-V ) and current-concentration (I-C) curves, we reformulate the ssPNP equations into four different boundary value problems (BVPs). Numerical continuation approaches are developed to provide good initial guesses for iteratively solving algebraic equations resulting from discretization. Numerical continuations on V , I, and boundary concentrations result in S-shaped and double S-shaped (I-V and I-C) curves for the ssPNP equations with multiple species of ions. There are five solutions to the ssPNP equations with five ionic species, when an applied voltage is given in certain intervals. Remarkably, the current through ion channels responds hysteretically to varying applied voltages and boundary concentrations, showing a memory effect. In addition, we propose a useful computational approach to locate turning points of an I-V curve. With obtained locations, we are able to determine critical threshold values for hysteresis to occur and the interval for V in which the ssPNP equations have multiple solutions. Our numerical results indicate that the developed numerical approaches have a promising potential in studying hysteretic conductance states of ion channels.
Introduction
Essential for life, ion channels are protein molecules with a narrow spanning pore across membranes, regulating various crucial biological functions [18, 43, 65] . They play fundamental roles in exchanging ions across cell membranes, propagating electric impulses in nerves, and maintaining excitability of membrane [21, 56] . Ion channels switch their conductance states in response to variation of transmembrane voltages as well as ionic concentrations of cells and extracellular medium [14, 17, 28, 47, 51, 52, 57] . For instance, lysenin channels that are inserted into a planar bilayer lipid membrane show voltage regulations with slowly changing external voltages [14] . Voltage-dependent anion channels exhibit hysteretic response to a varying voltage with frequency of different magnitudes [51] . Ionic concentrations also have significant impacts on the switching of conductance states of voltage-gated channels. An L-type voltage-gated calcium channel shows distinct gating modes when different concentrations of charge carriers are applied [52] .
Hysteresis phenomenon is ubiquitous in optical devices [16] , many-body systems [8] , and biological systems [7] . In recent years, there has been a growing interest in understanding hysteretic response of ion channels to varying applied voltages [3, 9, 14, 31, 44, 48, 51, 60] . Hysteresis of ions channels is of physiological significance, since it involves many human physiological processes [9, 44, 60] . One distinct feature of hysteresis is the memory effect when the system undergoes transitions between different states. In the context of voltage-gated ion channels, the current through channels increases and decreases along different paths when applied voltages periodically ascend and descend, respectively [3, 9, 14, 48, 51] . It is pointed out that hysteresis takes place when frequency of an applied oscillating voltage is competing to typical relaxation time of transitions between different conductance states [9, 14, 48] . To explore such a hysteretic response, several discrete state Markov models have been developed [2, 9, 13, 19-22, 44, 48] . In such models, ion channels are assumed to have certain number of states, representing closed and open states. In addition, Markovian properties are assumed in the transitions between different states with certain transition rates. The master equation of stochastic processes is derived to describe the probability of the channel being in each state with respect to time. It should be noted that hysteresis exhibited in voltage-gated ion channels is often associated with stochastic conformational changes of ion channel proteins. In this work, we also observe hysteretic response of currents to the varying applied voltages as well as ionic concentrations, using a deterministic model of ionic transport, rather than a stochastic description of different conductance states. Our results imply that, in addition to its stochastic nature, the gating phenomenon may possibly have deterministic factors associated to multiple states of ionic transport current through open channels.
The Poisson-Nernst-Planck (PNP) equations are an effective theory in modeling ionic transport through ion channels under electrostatic potential differences across a membrane. The Poisson equation describes electrostatic potential due to the charge density that stems both from mobile ions and fixed charges in the system. Nernst-Planck equations govern the diffusion and migration of ions in gradients of ionic concentrations and electrostatic potential. More complicated models have been developed to account for ionic steric effects and ion-ion correlations that are neglected in mean-field derivation of the PNP theory [10, 24, 25, 32-34, 36, 41, 42, 49, 50, 63, 64, 66] . Due to nonlinear coupling of electrostatic potential and ionic concentrations, it is very hard to solve the problem analytically. Most of mathematical analyses of the PNP equations are based on singular perturbation methods, in which the Debye length is assumed to be much smaller than the dimensions of ion channels, giving rise to a small singular parameter. Such singular perturbation problems are solved mainly by two categories of methods: matched asymptotic expansions [1, [4] [5] [6] 30, 54, 55, 58, 61] and geometric singular perturbation theory [11, 12, 26, 27, 35, [38] [39] [40] . For instance, Wang et al. study the PNP equations using matched asymptotic analysis, and prove the existence and uniqueness of the solution to the PNP equations with two and three ionic species [61] . Using a geometric framework, Liu considers the steady-state PNP (ssPNP) equations with multiple ionic species, and reduces the problem to nonlinear algebraic equations [39] . It is pointed out that the ssPNP equations with multiple ionic species pose a significantly more challenging task in studying their solutions analytically and even numerically.
The PNP equations are also known as the drift-diffusion model in the literature of semiconductor physics [45] . Instead of ions that possibly have more than two species, two types of particles, electrons and holes, are considered in semiconductor devices. Many global existence results on the solutions to steady-state drift-diffusion equation have been established [45, 54] , whereas results on the uniqueness of solutions are mainly limited to very small applied voltages. The existence of multiple solutions to the one-dimensional steadystate drift-diffusion equation is mainly evidenced by numerical simulations. Mock designs an example, with piecewise constant fixed charges of large magnitude, that has multiple numerical solutions [46] . Multiple steady states to the drift-diffusion equation are also studied numerically and asymptotically, based on local electroneutrality approximations [53, 59] However, it is found that asymptotic analysis based on local electroneutrality approximations is not so accurate within the parameter range for which the current-voltage relation is nonmonotonic [62] .
The study of multiple steady states to generalized PNP-type models has also attracted much attention in recent years [15, 23, 36, 37] . It is shown that, [23, 37] when zero-current boundary conditions are used, the steady-state Nernst-Planck-type equations can be further reduced to a system of algebraic equations, which defines generalized Boltzmann distributions, i.e.,functions of concentration against electrostatic potential. Rigorous analyses prove that there are multiple steady states to the PNP-type models with multiple ionic species and fixed charges. In a recent work [15] , Gavish considers a PNP-type model with two ionic species, and studies the solution trajectories in a phase plane composed of two ionic concentrations. In this work, we numerically study multiple steady states of the classical PNP equations, with multiple ionic species, that have non-zero current through ion channels.
The current-voltage (I-V ) characteristic relation is often studied in the literature of ion channels. The total current (I) of an ion channel consists of contributions from each ionic species, and the voltage (V ) is the potential difference between two ends of an channel. The S-shaped I-V curve shown in Figure1.1 has been found by solving steady-state PNP (ssPNP) equations in the literature of semiconductor physics [46, 53, 59, 62] . Rather than two types of charged particles (electrons and holes), we here consider more than two ionic species in the context of ion channels. When five species of ions present (e.g., a mixture of K + , Na + , Ca 2+ , Cl − , and CO of conductance when V is given in some interval, cf. Figure 1 .1. To find these I-V curves, we reformulate the ssPNP equations into four different boundary value problems (BVPs), which are solved with the help of newly developed numerical continuation approaches. Another contribution of this work is the development of a computational method for locating turning points on a I-V curve, i.e., the red dots in Figure 1 .1. Turning points are of great practical significance, since they not only give critical threshold values for hysteresis to occur but also specify the interval of applied voltages in which the multiple solutions present. In addition, we study the impact of boundary concentrations in cells and extracellular medium on currents through channels. Remarkably, we find that currents respond hysteretically to variation of concentrations , resulting in an S-shaped curve in the current-concentration plane. To the best of our knowledge, such a hysteretic response of currents to concentrations has not been reported in the literature of PNP equations. Overall, our results imply that, within certain range of parameters, conductance states of ion channels depend on applied voltages and ionic concentrations as well as their history values, displaying a memory effect. The rest of the paper is organized as follows. In section 2, we describe the ssPNP equations and reformulate them into four different boundary value problems. In section 3, we develop numerical continuation approaches and methods for computing turning points on I-V curves. Finally, the section 4 is devoted to showing our numerical results on multiple solutions of the ssPNP equations, turning points, and hysteretic response of currents to variation of applied voltages and concentrations.
Model Description

Governing Equations
The transport of diffusive ionic or molecular species can be described by
where c 1 , · · · , c M and J 1 , · · · , J M are concentrations and flux densities of charged species, respectively. The flux of the ith species is defined by
where e is the elementary charge, ψ is the electrostatic potential, β is the inverse of thermal energy, and D i and z i are the diffusion constant and valence of ith species, respectively. The electrostatic potential is governed by the Poisson equation
where ε 0 is the vacuum permittivity and ε r is the relative permittivity (or dielectric coefficient). The total charge density in the system consists of mobile ions and fixed charge:
Let L, D 0 , and c 0 be the characteristic length, diffusion constant, and concentration, respectively. Introduce another characteristic length λ D = ε 0 εr 2βe 2 c 0 for an aqueous solution with bulk ionic concentration c 0 and homogenous dielectric coefficient ε r . We shall introduce the following dimensionless parameters and variables:
Combining above equations and dropping all the tildes lead to nondimensionalized PoissonNernst-Planck (PNP) equations
In this work, we consider steady states of a one-dimensional problem that describes the transport of ions through an ion channel with length 2L. The computational domain is further rescaled to [−1, 1], and the steady state PNP (ssPNP) equations are reduced to
3)
is a dimensionless parameter.
Problem Formulations
We are interested in the case that two ends of an ion channel (or nanopore) are connected to individual ionic reservoirs, i.e.,
Such concentrations satisfy the neutrality conditions
To describe electrostatic potential differences between two ends, we prescribe
where V is the applied potential difference. We define the total current
where
With a given applied potential difference V , we solve the ssPNP equations (2.3) with boundary conditions (2.4) and (2.6), and obtain the total current I across the channel. By varying applied potential differences, we get the current-
can be written as
Notice that we call this formulation "Problem (V2I)" throughout the following contents.
As shown in Figure 1 .1, the solution to Problem (V2I) may not be unique for some applied voltages. There are three solutions for the S-shaped I-V curve and five solutions for the double S-shaped I-V curve, when V is prescribed in some interval. The Problem (V2I) could be a large nonlinear system if multiple species of ions are considered. When numerically solving such a system, good initial guesses are crucial to devising convergent iterations. Numerical continuation is a powerful tool of providing initial guesses. See section 3.1 for more details. Continuation on applied voltages helps in finding the the low-current branch and high-current branch for S-shaped and double S-shaped curves. However, continuation on V often misses finding the intermediate branches when multiple solutions present, c.f., Figure4.2 and Figure4.7. In addition, the continuation advances with very small stepsizes as V approaches the turning points where the Jacobian of the discretized nonlinear system becomes more and more singular. In order to overcome these drawbacks, we view the current V as a function of I, which is single valued. To find a complete characteristic curve in the I-V plane, we prescribe I in the computation, instead of V , and solve the following problem with continuations on I:
Similarly, we notice that this formulation is called "Problem (I2V)" throughout the following contents. We obtain the I-V curve by collecting the voltage at the right boundary, i.e., V = φ(1).
We are also interested in understanding the effect of boundary concentrations (2.4) on the currents through a channel. For simplicity, we fix concentration of each species of at the left end and vary the concentration of two species of ions with indice 1 and 2 at the right end. By relabeling the ions, we can assume that these two species of ions have opposite signs, to satisfy the neutrality conditions (2.5). We define the following problem
where we introduce a variable c B . We solve this problem with varying c B and compute the corresponding current I. Similar to the case of I-V relation, it is helpful to define the following problem
where we include the neutrality conditions (2.5) as a boundary condition for concentrations. We solve this problem with varying I and compute c 1 at right boundary to get c B , i.e., c B = c 1 (1) . See numerical results shown in Figure 4 .6 and corresponding descriptions for more details.
Computational Methods
The boundary value problems (BVPs) defined above are numerically solved with the program of BVP4C [29] in the Matlab. One of its advantages is that the algorithm uses a collocation method to discretize a BVP on an adaptive, nonuniform mesh. Grid points are more densely distributed at locations where the solutions have large variations, cf. Fig  4. 1. The resulting nonlinear algebraic equations are solved iteratively by linearizations, e.g., Newton-type methods. Often analytical Jacobians ∂F/∂Y are provided to accelerate the iterations. For Problems (V2I), (I2V), (C2I), and (I2C), we have the following Jacobian
In our computations, we take the following piecewise constant profile for fixed charges [46, 53, 59, 62] :
where i = 1, . . . , N, σ > 0,
Such a particular profile of fixed charges has its practical meaning in the context of ion channels. Along a channel, fixed charges carried by atoms in the membrane could carry positive or negative partial charges. In our current treatment, the values of these partial charges are simply approximated by constants of alternating signs.
Strategy of Continuation
As mentioned above, BVP4C solves nonlinear algebraic equations, resulting from discretization, by Newton-type iterative methods. It is well known that the convergence of Newton's iterations highly depends on the the choice of initial guesses. In our problems, the main difficulty arises from the fixed charges ρ f that changes its sign drastically. Therefore, we adopt a strategy of continuation on the parameter σ, cf. (3.1). To be specific, we gradually increase the value of σ with nonuniform increments, i.e.,
For the kth stage of iteration, we solve the problem with σ k using the solution from the (k − 1)th stage with σ k−1 as an initial guess. In each stage, the initial guess is close to final solutions and therefore iterations converge easily.
To obtain I-V curves and current-concentration relations, we also apply continuation approaches on V , I, and c B when the problems (V2I), (I2V), (C2I), and (I2C) are considered. When using continuation on V for Problem (V2I), care should be taken as V approaches the turning points at which the convergence of Newton's iterations significantly slows down and Jacobians of iterations become more and more singular. We decrease the increments of continuation appropriately at turning points. Similar observations can be made for the continuation on c B . See Figure 4 .2, 4.6, 4.7, and related descriptions for more details.
Turning Points on I-V Curves
It is of practical importance to study the location of turning points, due to the fact that the V values of these critical points are threshold values for hysteresis to take place, and that they are endpoints of intervals for V in which the ssPNP equations have multiple solutions. Turning points are also locations where continuation increments on V should be carefully chosen, when solving Problem (V2I) with Newton's iterations. It is observed from Figure 1 .1 that, if V is viewed as a differentiable function of I, the equation dV /dI = 0 holds at turning points (labeled with red dots) of an I-V curve.
To incorporate the information of dV /dI, we perform sensitivity analysis on the ssPNP equations with respect to variation of I. We first introduce the current I as an unknown and reformulate Problem (V2I) as follows:
and
where we replace the unknown J M in Problem (V2I) and (I2V) by I. We introduce an infinitesimal perturbation to I, i.e., I δ = I + δI. Such a perturbation gives rise to perturbations in other quantities:
Plugging these perturbed quantities into (3.2) and subtracting from (3.2), we have by neglecting high order terms that 
where δI is a constant with respect to x, by the fact that δI 
Notice that this formulation is called "Problem (IVAug)" throughout the following contents. We remark that there are 4M + 3 differential equations for 4M + 3 unknowns with 4M + 3 boundary conditions. Therefore, this problem determines a point on the I-V curve with a given value of dV /dI. As seen from Figure1.1, this problem may have multiple solutions for an S-shaped or double S-shaped I-V curve. Different initial guesses should be deliberately designed to achieve multiple solutions. It is of primary interest to calculate the the turning points of the I-V curve where dV /dI = 0, cf. Figure 4 .9. After finding the turning points, we are able to determine the intervals for V in which the ssPNP equations have multiple solutions.
Numerical Results
In our computations with BVP4C, iterations for the discretized algebraic system stop when an absolute error is less than 10 −6 . The initial guesses for the very first calculation are provided by using a continuation approach on σ. We numerically solve the problem (V2I) using an adaptive, non-uniform mesh. In Figure 4 .1, we show a typical solution of electrostatic potential and distribution of corresponding computational grid points. We can observe that there are several peaks in the distribution when the solution has large variations at jumps of fixed charges, showing that the computational mesh refines adaptively.
Unless otherwise stated, we use the following parameters in our computations: ε r = 80, T = 300 K, c 0 = 0.2 M, and λ D = 0.687 nm. All the quantities that we show below are 
Voltage-induced Hysteresis
In this example, we study the response of current through an ion channel with two ionic species to varying applied voltages. We take the following values of parameters: κ = 60, We study a current-voltage relation with the help of numerical continuations proposed in section 3.1. We first gradually increase an applied voltage and see the current ascending along a low-current branch, as shown in red in Figure 4.2(a) . It is remarked that the convergence of iterations for solving the problem (V2I) gets more and more slow, as the applied voltage approaches a critical value (V value of point F). When the applied voltage exceeds this critical value, the current all of a sudden jumps to a high-current (blue) branch, switching its conductance state. In a second round of sweeping, in which the voltage is decreased from large V values, we observe that the current follows a totally different path ( from E to C) and suddenly jumps at C to a low-current branch, showing a typical hysteresis loop. We can see that the current of an ion channel depends on the applied voltage as well as its history values, exhibiting a memory effect. Although our model is purely deterministic, the sudden switching of conductance states is reminiscent of gating phenomenon. To explore Figure 4 .3 displays profiles of electrostatic potential, concentrations, and currents, corresponding to these three points. We observe that the solutions of electrostatic potential resemble each other with the same potential differences, V = 16. The concentrations for each case are all positive, meaning that three solutions are all of physical interests. As expected, the profiles of currents are constant and differ a lot for different conductance states. The current for each ionic species has larger magnitude when the channel is in a high conductance state. To further understand hysteresis, we study the effect of parameters, κ and σ, on the presence of multiple solutions. We see from Figure 4 .4 that the values of κ and σ have significant impact on the shape of I-V curve. We recall that σ, defined in (3.1), represents the magnitude of the fixed charge, and that κ = L 2 2λ 2 D corresponds to the length of an ion channel under consideration. We first set κ = 40 and find that the curve gradually turns into a more and more obvious S shape, as σ increases from 0.8 to 1.5. As such, an ion channel with larger magnitude of fixed charges is more likely to have multiple conductance states. Also, we consider different values of κ with fixed σ = 1. It is interesting to see that the curve starts to switch back as the κ exceeds 45 or so, and that the V value for which multiple solutions occur does not grow much as κ increases. This manifests that, with other parameters fixed, it is easier to have multiple conductance states for a longer ion channel.
As shown in Figure 4 of I-V curves. The transition value of κ from a monotonic curve to a S-shaped one gets smaller as σ increases. For larger σ, i.e., ion channels with larger magnitude of fix charges, it is more likely to have hysteretic responses to applied voltages.
Concentration-induced Hysteresis
In this example, we investigate the effect of boundary concentrations on the existence of multiple solutions to the ssPNP equations. For simplicity, we probe the solution behavior with a single varying variable, c B , which is defined in section 2.2. We take κ = 60, V = 16, and the same fixed charge profile as in the previous section. We first solve the problem (C2I) using continuations with an increasing c B and find a lowcurrent branch (red curve) in Figure 4 .6. When c B goes over a critical value (concentration of E), the current jumps up to D and follows a high-current branch, shown in blue in Figure 4 .6 (a). Another round of sweeping starting from large c B values shows that the current stays in the high-current branch until c B gets less than the x-axis value of point C. This is very similar to the hysteresis loop described in previous section for I-V curves. To find a complete current-concentration curve, we also conduct continuations on I by solving the problem (I2C). The curve has an intermediate branch that connects the points C and E. As such, we find three solutions, for some boundary concentrations, to the ssPNP equations with a fixed applied voltage. It is well documented that ionic concentrations have pronounced influence on the switching of conductance states of ion channels [17, 28, 47, 52] . To the best of our knowledge, such a hysteretic response of current to boundary concentrations has not been studied yet in the literature of PNP equations. In summary, we conclude that the existence of multiple solutions to the ssPNP equations depends sensitively on the coefficient κ, the fixed charges ρ f , applied voltages V , and boundary concentrations. 
Double S-shaped I-V curve
In this example, we study conductance states of ion channels with five species of ions. As far as we know, the ssPNP equations with more than three ions have not been well studied numerically. In the literature of semiconductor physics, the PNP (drift-diffusion) equations are often studied with only two species, i.e., electrons and holes. It is noted that the computational complexity increases significantly as the number of species increases [37, 39, 64] . We here take the following values of parameters: κ = 200, σ = 1, M = 5, z 1 = 1,
From Figure 4 .7 (a), we can see that, as V increases, the current increases gradually along the blue branch and suddenly jumps at C and F to branches of higher conductance. In a second round of sweeping with decreasing V , we find that the current moves along a different branch and has abrupt jumps at E and B, switching its conductance states. Similar to hysteresis loops, the conductance state of the channel has a memory effect, i.e., both the applied voltages and their history values influence the conductance state. As shown in To further study the double S-shaped curve, we are interested in the effect of parameters, κ and σ, on the shape of curves. The results shown in Figure 4 .8 reveal that the shape depends sensitively on κ and σ. We first set σ = 1 and find that, as κ increases from 10 to 200, the curve gradually turns from a monotone profile into more and more obvious S shapes. Also, we consider different values of σ with a fixed κ = 200. We observe from Figure 4 .8 (b) that the I-V curve becomes more and more wavy as σ increases, giving rise to multiple (more than three) solutions. In this example, we consider locating turning points on S-shaped and double S-shaped I-V curves. With obtained turning points, where dV /dI = 0, we are able to determine threshold values over which the system undergoes hysteresis, as well as the interval for V in which the ssPNP equations have multiple solutions. We remark that there are multiple solutions to the problem (IVAug), corresponding to the multiple turning points on I-V curves. To find these solutions, we start from different initial guesses that are obtained by augmenting solutions to the problem (I2V).
Turning Points
Here we report the numerical results from solving the problem (IVAug). In Figure 4 .9, we solve the problem with several initial guesses that are shown by green dots. Such dots are all on the curve, since our initial guesses are obtained based on solutions to the ssPNP equations. Interestingly, these initial guesses, as expected, converge to adjacent turning points. In this case, there are two turning points with coordinates (15.29, 36 .80) and (18.81, 9.27) on the I-V plane. Therefore, as V increases, the current jumps from the lowcurrent branch to the high-current branch when V becomes larger than 18.81. Meanwhile, the current jumps from the high-current branch to low-current branch when V gets less than a threshold value 15.29. Therefore, there are three solutions to the ssPNP equations when the applied voltage belongs to the interval [15.29, 18 .81].
We have realized that the threshold value, 15.29 (thermal voltages), is a bit higher than physiologically relevant values, which often range from 1 to 6 (thermal voltages). However, such a threshold value has sensitive dependence on parameters, especially the fixed charge. The parameters that we used in numerical examples have not been optimized, aiming to lowering the threshold value. It is expected that the threshold value can be lowered to physiologically relevant values by using a certain profile of fixed charges. Optimization methods can be also introduced to lower the threshold value. Similar problems have been studied in the design of bistable optical devices [16] . 
Conclusions
In this work, we have studied multiple solutions to the steady-state Poisson-Nernst-Planck (ssPNP) equations. We propose four different formulations of the problem to compute complete current-voltage (I-V ) curves and current-concentration relations. In addition, we develop numerical continuations to provide good initial guesses for Newton's iterations that solve nonlinear algebraic equations resulting from discretization. We also have developed a computational method to locate turning points on I-V curves, based on an observation that V is a function of I and turing points are achieved at dV /dI = 0. Our numerical results demonstrate that the developed computational methods are robust and effective in solving the ssPNP equations with multiple ionic species. For instance, the iterations converge robustly and efficiently to turning points on I-V curves for channels with five ionic species, in which the corresponding problem has 23 unknowns.
Of much interest is that we have found voltage-and concentration-induced hysteretic response of current to varying applied voltages and boundary concentrations, respectively. The results have revealed that conductance states of ionic channels depend on values of applied voltages and boundary concentrations, as well as their history values, showing memory effects. We also study the effect of parameters, e.g., κ, σ, and boundary concentrations, on the behavior of such hysteresis. The abrupt switching of conductance states in hysteresis loops is reminiscent of gating phenomenon, although our model is purely deterministic. Our study may shed some light on the mechanism of gating of ion channels from the viewpoint of deterministic ionic transport.
We have studied multiple solutions to the ssPNP equations with five ionic species. Interestingly, we find a double S-shaped I-V curve which gives five solutions to the ssPNP equations, when the applied voltage is given in some interval. As far as we know, the existence of five solutions has been not reported in previous publications. To further explore multiple solutions and hysteresis, we accurately compute turning points on I-V curves using a proposed numerical method. With the obtained location of turning points, we are able to determine threshold values over which hysteresis occurs, and the interval for V , in which the ssPNP equations have multiple solutions. These results indicate that the numerical approaches developed here may become useful in studying hysteresis phenomenon.
We now discuss several issues and possible further refinements of our work. First, we have not fully understood the effect of parameters in the ssPNP equations, with multiple ionic species, on the existence of multiple solutions. From our numerical results, we understand that the parameters, κ, σ, and boundary concentrations, have strong impact on the shape of I-V curves and, therefore, the existence of multiple solutions. Our experience from numerical simulations is that, in addition to the parameters mentioned above, the fixed charge profile with piecewise constants of alternating signs is crucial to the presence of multiple solutions. It is interesting to study that whether the discontinuity or sign alternation is a necessary factor behind the phenomenon of hysteresis. More rigorous mathematical analysis is therefore needed.
Second, the PNP equations used here do not account for ionic size effect which may become important for crowded environments. The existence of multiple solutions to the PNP theory with size effect has been studied with elegant, rigorous mathematical analysis [15, 23, 37] . Note that, in these works, the current has been set to be zero to facilitate the analysis. It is more interesting to study the current-voltage relation when multiple solutions exist. In future, we will apply our developed methods to the PNP theory with size effects.
Finally, it is of great importance to study the stability of the multiple solutions found in our work. In a typical hysteresis loop, the solutions on high-current branch and low-current branch are both stable, but that on the intermediate branch are unstable. Such a bistability phenomenon is ubiquitous in optics [16] , biological systems [7] , etc. However, it is not easy to study the stability theoretically since there are no closed forms for the nonhomogeneous multiple solutions found here. Linear stability analysis with the help of numerics will be one of our future works.
